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e 2.3 Le principe variationnel d’Hamilton modifi¢

L(q,4(q,p,t),t) = pigi(q, p, 1) — H(g,p,t) (2.11)

5/2(134%—5(@7%0)&:0 (2.12)

d dpigi—H)  9pqg—H) . oH
, = I = —— :
TA e v =g, (213)
d Ipgi—H) — Ipigi— | :
— :> 0=
df( 6]% ) 6}% &
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o 2.4 Transformations canonigues

)
2.19
P; = Pi(q,p,1) (219)

SO p o O o] (2:20)

2
5] (pigi — H{q,p,t))dt =0
9

5ft2(P@-Q@- — K(Q,Pt)dt =0 (2.21)

pic— = PQi— K+ 5 (2.22)
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e 2.4 Transformations canoniques

a) Le premier choix possible est :

F=Fi(qQ,t) (2.23)
| . dF,
pam P’fg Had_é o o . 224)
= PQi— K+ ——+ Ja, qwa@é@@-
. — 2%
[ Qi = Qilq.p,1
P = —5g—(2.250) {3_3255
K = n+%' (2.250) :




e 2.4 Transformations canoniques

b) Un autre choix intéressant possible pour la fonction [ est :

F=Fyq,Pt)— QP (2.26)

Epigi — H = PQi — IX—Fd—F% (2.27)

IF;
pi = 00, (2.28a)

OF, N
Qi = 3p ( {

Qz’ — Qi(Q7pvt)
P = Pf(vavt)

K = H+22 (2.28¢)
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e 2.4 Transformations canoniques

o) F=qpi+ F5(p,Q,1) (2.29)

OF;5

¢ = — I (2.30a)
OF;

o= - 30, (2.30Db)

K = m4db (2.30c)

ot



e 2.4 Transformations canoniques

d)  F=qp — QP+ Fy(p, P,t) (2.31)

OF,

“ = 5, (2.32a)
OF}
Qi = 7P (2.32b)
OF},

K = H+—- (2.32¢)
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o 2.4 Transformations canonigues

2.19
F; = Pi(q,p,t) (2.19)

: oK : 0K |
Qi = oP P = ~90, i=1,... /)| (2.20)

to
& b= Fl(Qa Qat)

F = Fyq, P,1) — Q:P,
F=qp; + F3(p,Q,1)
—>  F'=qip; — Qi P; + Fu(p, P, 1)

pigi — H = PQ; — K + — (2.22)

/t (PQ: — K(Q, P,1))dt =0
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e 2.5 Exemples de transformations canoniques
a)  Iyq,P)=qP (2.33)

I _ p o (2.34a)

Pi = 3_%
OF,

Q: = ap = @ (2.34b)

K = H (2.34c)

b) F1 — Qka (235)
o
o,

Pi — —%——q (236b)

(2.36¢C)

]
=

|
<

K(Q, P)



e 2.5 Exemples de transformations canoniques

¢) Considérons le probleme classique de 1’ oscillateur harmonique

H = ;—m + %mwQQQ (f=1) (237)

I = mng cotg() (2.38)

O F, /
p = 3_(] = mwq cotg() 239a) g = i—i sin () (240a)

_ _% _ mwq” = V2mwP cos 2.40Db
P= aQ  2sin?Q 239b) F ? ( )

K =wp (2.41) .



e 2.5 Exemples de transformations canoniques

K=wP (2.41)
Po= gg _0 (2.42a)
Q = g—]; =w (2.42b)
P = o = constante et : Q=wt+p (2.43)

[op
¢=\—smQ {35) (2.44)

= V2mwP cos ()
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e 2.6 L’approche symplectique des transformations

canoniques
vecteur colonne na 2f éléments. 7, =q¢; , nigpr=p; 1< f
(2.45)
le vecteur colonne o (8_[{) _ oA (8_[{) _ ol 1< f
vecteur nn an o). " g o)., " o <
(2.46)
. , 0 1
J la matrice carrée 2f x 2f J =
~1 0 ) (2.47)

?7—J (2 48)
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2.6 L’approche symplectique des transf. canoniques

: 0 1
J 1 t >¢ 2 2 =
a matrice carrée 2f x 2f J ( 10 ) (2.47)
J: = —1 (2.49a)
JJ = 1 (2.49Db)

J = —J = Jt (2.490c)
dtm(J) = +1 (2.49d)
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e 2.6 L’approche symplectique des transt. canoniques

Jij = 1 0ij-f [<istf+i<j<of] - 1 Oifj [[+1<i<of 1< j<f

jij = Jj
=1 0ji-f [pi<j<tr1<i<on - 1 0j-fi [[r+1<j<0f 1< i<f]

= - (1 6j-i [ir+1<j<or1<i<h = 1 Oji-f Ijasjsr fei< i<om)

= - (1 8ijf Hsist r+1<j<om = 1 it I[r+1<i<of 1< j<f)
m— \Jlj

) -] 2



» 2.6 L’approche symplectique des transf. canoniques
Jij = 1 0ij-f [p<istf+i<j<ofy - 1 Oifj [ r+1<i<of 1< j<f
(J J)ij = Jik Jjk =

(i k-f T1<i<t fr1<k<2f] - Oi-f i If+1<i<of 1<k<f]) -
(0j k- IM1<j<t fr1<k<of] - Oj-f k TI[f+1<j<of 1<k<f])

= (0 k-f Oj k- I1<i<t f+1<k<2f] TI[1<j<t f+1<k<of
+ Oi-fk Oj-fk I I+1<i<of 1<k<f] [ I[f+1<j<0f 1<k<f

=05= 1 - 35-1
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2.6 L’approche symplectique des transf. canoniques

JJ=1, JJ=1 mmp J=-J=J1

!

dtm(J)=+1 4mmm J2=]J=-JJ=-1

‘ c.q.f.d.
= —1 (2.49a)
Jj S (2.49b)
J = —J = Jt (2.490C)
dtm(J) = +1 (2.49d) ”



2.6 L’approche symplectique des transf. canoniques

vecteur colonne ¢ a 2f €léments

nouvelles variables canoniques Q;, P, ¢ = ((n)
;o o . e (2.50)
i g ,j=1,..,

: . 6(@
(=Mn (2.51) M;; = o,

(= wsZL (o 53)
o
o\ oM o, oH a_H
3?7@-\ I¢; 5’?7@ I = Mg (2:54)

C MJM— (2 55) 25



2.6 L’approche symplectique des transf. canoniques

- . OH
( = MJMé)—C (2.55)

- OH

MJIM = J (2.57a)
MJM =J (2.57b)
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e 2.7 Les crochets de Poisson

[ it ]

du Ov du Ov
(%L . 5u oV
SI =— et = =&
vl = o 3?7 (2.59) U on, Vi on,
= Uj i Vi

= U [Oik-f Ta<ist fr1<k<2f] - Oi-fix [r+1<i<of 1<k<f ]V
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e 2.7 Les crochets de Poisson

= U; [Oik-f Ta<ist fri<k<2f] = Oi-f.x [[r+1<i<of 1<k<f ]V

ou ov ou oV

oq, 2P, Pp,eq,
ou Ov ou Ov
1 Vo = Oqi Ipi_ Op; Dq; (2.58)
:QJv qk}q’p = (
P pil,, =0 (2.60)
:q‘japk}q’p — _[pja q}%}q?p — U4k 28



e 2.7 Les crochets de Poisson

matrice crochet de Poisson
désignée par [n,n] dont I’élément (¢m) est [n,, n,,]

[7,m)s = J (261)
C — C(nvt)

_ %
[Cvd’ﬁ T 8?7

7% (2.62)
I
€, ¢l = MJM (263)

C,¢), = J (2.64) ¢, ¢le=J (2.65)



