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Abstract

Our objective is to calculate and to compare the rectifying thermal coefficient of various bulk-
porous silicon configurations. We consider successively homogeneous devices involving two-
and three elements and several graded devices characterized by variable porosity and/or size of
the pores along the system. The criterion is to obtain rectifying coefficients different from one
in order that thermal rectification be as efficient as possible. In that respect, it turns out that the
porous-bulk-porous configurations are of little interest, in contrast to the bulk-porous-bulk
systems whose rectifying coefficients may be larger than two and comparable to the values of
the simpler two-element bulk-porous devices. Graded systems with either a variable porosity
or a variable pore size do not exhibit better results. However, when both porosity and pore size
are varying along the device, the highest efficiency is obtained.
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Nomenclature
ap pore size
C specific heat

heat conductivity

Kn Knudsen number

L length of the element

q heat flux

R rectifying coefficient

Ry thermal boundary resistance
T temperature

1 phonon group velocity



X longitudinal coordinate

Greek symbols

0 porosity

Y| mean free path
Subscripts

d direct direction
F interface

G interface

H hot

i=1,2,3 element under study
L low
max — maximum

min minimum

r reverse direction
0 reference value
Superscripts

eff effective
0 bulk

1 Introduction

Thermal rectifiers have attracted an increased interest not only in fundamental but also in
applied research, [1-6] presently framed within the relatively new topic of phononics [7-9]. The
concept of thermal rectification can be traced back to Starr in 1936 [10]. By analogy with
electronic diodes used for the control of electric current, thermal rectifiers are devices allowing
heat to flow easily in one direction but offering strong resistance in the reverse direction. Search
for suitable materials and configurations enhancing heat rectification has been intensely
activated principally during the two last decades [11-14]. Among the current and widely used
techniques, let us mention these based on adsorption/desorption properties [15], phase change
[16], photon radiation [17] and thermal expansion-contraction [6] heat transfer between
materials with different temperature—dependent heat conductivities [ 18, 19], the main objective
is the search for thermal diodes with the highest performance. The subject opens the way to



specific applications, especially in the field of energy-saving structures, solar energy
conversion, nano-electronic cooling, aero-spatial industry and cryogenics.

In the present theoretical approach, we consider successively discontinuous devices constituted
by the junction of bulk and nanoporous Si and porous non-homogenous Si. The purpose of this
work is the search of suitable material configurations leading to the most efficient heat
rectification. Although the actual analysis is limited to silicon there will be no difficulty to
extend it to other materials.

The underlying property responsible for heat rectification is the behavior of the heat
conductivity of nanoporous materials [1,20]. When the dimensions of the pores are comparable
or smaller than the mean free path of the phonons, the effective heat conductivity of the porous
material is generally much lower than that of the corresponding bulk crystal.

Thermal rectification in Si devices has been recently analyzed theoretically by Criado-Sancho
et al. [2]. These authors base their approach on an expression of Fourier’s law using for the
effective heat conductivity an expression derived in the framework of phonon hydrodynamics.
Our aim is to complement and compare with Criado-Sancho et al. results, proposing novel
configurations with better results. The present analysis uses instead for the heat conductivity a
relation proposed by Sumirat et al. [21], which emphasizes more particularly the effect of
phonon scattering by pores. The Sumirat model has been validated with results derived by
Machrati and Lebon [22] in the framework of extended irreversible thermodynamics [23], it is
mathematically simpler than the hydrodynamic model used by Criado et al. and allows for a
more exhaustive exploration of several aspects of the problem.

In this paper, we investigate which configuration among several bulk-nanoporous lattices will
yield the most efficient rectification. We will examine successively several different devices
consisting of juxtaposed homogeneous bulk and nanoporous Si samples and will end with non-
homogeneous porous materials wherein both porosity and particles’ size are varying in space.
The important quantity characterizing rectification is the thermal rectifying coefficient R (also
called diodicity by some researchers) defined by the ratio of the heat flows in the direct and
reverse directions:

R =lqa4l/lqr] (1)

with g, the heat current in the direct “conducting” direction and g, in the reverse “insulating”
one. To get an amplification effect, one must have R # 1; when |q | is larger than |q,| (which
is the situation investigated in the present work), one has R > 1. Of course, if the conducting
and insulating directions would be switched, one should have R < 1. In two phase situations
involving bulk and porous Si samples it was found [1] that R is of the order of 1.5, it is also
noted that the effect of porosity on heat conduction is particularly relevant at low temperatures
not exceeding 200 K. Similar values for R were obtained with two polycrystalline cobalt oxides
segments [ 19], more recently, a solid state structure with shape memory alloys was built by Tso
et al. [4] who recorded an R-value of about 90.

The mechanism underlying thermal rectification has also been interpreted as a consequence of
a negative differential thermal resistance defined as Ry = (dq/0Ty)r, and an equivalent
definition for R; obtained by permuting the different indices H and L. Classically, the heat flow
increases with increasing thermal gradients and therefore both Ry and R; are positive so that
by defining R as R = |R.|/(|IRy| + |R.]), it is found that R < 1 and the device will not work
as a rectifier for which it is imperative that either R; or Ry be negative. In the following, we
will not follow this route. Instead, we will focus on the definition (1) of diodicity. This choice
is not unique, though. For instance, some authors (e.g. [4, 18]) use the following quantities to
define the level of rectification, either



lqal+1qr| R+1

or

By selecting one or another of these definitions, one obtains values of the diodicity that may
differ from several orders of magnitude as illustrated in section 4.

The paper will run as follows. In section 2, the effect of porosity on the effective thermal
conductivity of nanoporous materials, illustrated by nanoporous Si, is discussed. In section 3,
thermal rectifiers consisting of homogeneous bulk-porous Si configurations are considered:
two-phase bulk-porous Si and three-phase devices, namely bulk-porous-bulk Si and porous-
bulk-porous Si systems, are successively examined. In section 4, graded nanoporous Si systems,
with the porosity and/or pore size varying gradually along the sample, are investigated.
Conclusions are drawn in Section 5.

2 Thermal conductivity of bulk and porous silicon

The expression of the thermal conductivity of porous materials is a central quantity in the
determination of the rectifying coefficient (see for instance [24] for a review). In the present
analysis, we use for the effective thermal conductivity of porous Si the analytical approximate
result derived by Sumirat et al. [11] on the bases of the kinetic theory of phonons in solids,
namely

eff _ 1,0 (1-9)
k7 (o, T,Kn) = k°(T) 3 pKnD)’ 4)

This formula will be used as a mathematically simple efficient tool in order to perform our
investigation. The quantity k°(T) is the bulk thermal conductivity, which depends generally on
the temperature T. For Si, it is of the order 3700 Wm™'K™! at 40 K, 2200 Wm™'K"! at 58 K, 1350
Wm'K! at 79 K, 800 Wm 'K at 105 K, 560 Wm'K™! at 127 K, and 475 Wm'K™! at 153 K
[10]. The behaviour of the silicon bulk thermal conductivity versus the temperature in the range
40 — 150 K 1s given by the solid black line of Fig. 1. In relation (2), ¢ designates the porosity,
i.e. the ratio of the volume occupied by the pores and the total volume, Kn is the Knudsen
number defined by Kn(T) = A(T)/a,, with a,, the pore radius and A(T) the temperature-
dependent mean free path of the phonons. The mean free path is calculated from the classical
expression of the thermal conductivity derived from Debye’s model, namely k(T) =

éC (T)vA(T). From the experimental values of the thermal conductivity k(T) (e.g.[25]), the

knowledge of the specific heat C(T) [25] and the assumption that the phonon group velocity v
is temperature independent [25-27], one obtains directly the value of the mean free path A(T).
It is equal to 6680 nm at 50 K, 1430 nm at 80 K, 700 nm at 100 K, 340 nm at 130 K, and 180
nm at 150 K. For large Knudsen numbers (i.e. when the phonon mean free path is much longer
than the radius of the pores), the heat transfer is mainly described by ballistic contributions of
phonon collisions against pores. For low Knudsen numbers, the diffusive regime is dominant.
Making an interpolation of the mean free path as a function of the temperature, we can plot
from Sumirat’s expression (1) the effective thermal conductivity of the nanoporous medium as
a function of the temperature for several pore radii (see Fig. 1). In [21], the dependence of
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k¢ Fon the temperature is not made explicit as only the dependence on the porosity is
investigated. However, it is clear from the above discussion that expression (1) is strongly
temperature-dependent.
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Fig. 1. Thermal conductivity versus temperature for bulk (k°(T)) and nanoporous Si (Eq. (2)):
porosity ¢ = 0.1 and pore sizes a,, are varying from 1000 to 5 nm.

It is seen that the conductivities exhibit opposite trends as a function of the temperature: in the
case of bulk Si, it is decreasing, while for porous systems, it is increasing; note however that at
relatively large pores sizes (a, > 100 m), it is decreasing after reaching a maximum. This
property is the key for obtaining thermal rectification. Since the bulk phonon mean free path is
relatively large and strongly temperature-dependent at low temperatures, the contributions of
the pores become especially relevant. As the phonon mean free path increases when temperature
is lowered, the increase of the denominator of relation (2) will be partially compensated by the
increase of the numerator, whence the occurrence of a maximum. At higher temperatures,
around 140 K, the contribution of the temperature effect on the mean free path of the phonons
becomes less important and, at large pores (a, > 500 m), the conductivity of nanoporous Si is
close to that of the bulk one. This is understandable since at larger pore sizes, the ballistic
contribution becomes negligible with respect to the diffusive one (Kn < 1) and Fourier’s heat
transfer is dominating. The effect of the porosity on the thermal conductivity is not to be
investigated further, since it has been thoroughly studied in a previous work [22]. It is generally
admitted that porosity reduces the thermal conductivity. As for the pore sizes, its role is also
experimentally well known. For instance, in [28, 29] it is observed that at room temperature,
for a porosity ¢ = 0.4, the effective thermal conductivity of porous Si is 31.2 Wm 'K"! for ap
=100 nm [28] and 1.2 Wm 'K ! for a, = 5 nm [29]. These results are much lower than the
heat conductivity of bulk Si which is 148 Wm 'K ! under the same temperature conditions. We
will no longer comment about the parametric dependence of the thermal conductivity as the
purpose of this work is rather to investigate the performances of the coupled bulk-nanoporous
materials from the point of view of thermal rectification. We choose therefore in the
forthcoming one single value for the porosity, say ¢ = 0.1, and one pore size, say a, = 150
nm.

3 Homogeneous two- and three-phase systems

3.1 Bulk-porous Si configurations



The simplest configuration is that represented by Fig. 2, consisting of a two-homogeneous
phase system: bulk Si of length L, in series with nanoporous Si with length L, with the hot face
respectively at the porous and the bulk side. The first situation is referred to as the direct
direction (with heat flux q;) and the second one as the reverse one (with heat flux g,.). The
rectifying effect is shown through the difference of values of the direct (q,) and the reverse (q,.)
values of the heat flux.

qq

T Ty Ty

|*’A iy
ﬂ-L| \ re
i‘.'- ‘bwh

el r’r" -'_,.

o, B
Lo

J‘Z‘

. ”""#"' et 1-.11":{

TR e

,;H?ﬁ";‘,+#

n""‘

u;u-.-g.

pachiia

‘-Ja}il.f refd

'

_’L
"
-t

rs

[
Ll |

L,

L J

A LE ) [i l LT
A 3%7-".5‘1- . vt
b“ "\-lt *i hu_’?‘r 1:‘ .&ﬁ !il}_iﬁ. 2‘ h.
rLu-#* (s ,: ""“‘1. ‘;‘i

-
o

[
'1"
SRR 'Tf"‘-'.,.’-'-.??.-
SRR A SR Pt s

Ty Ty T,

-

4 4

4y

Fig. 2. Schematic picture of the thermal transistor: (a) direct heat flow, (b) reverse heat flow.
Bulk material is represented by a virgin surface and the porous phase by a shaded one. The
temperatures at the ends of the device are Ty (high) and T (low), respectively, while at the
interface bulk-porous the temperature is Tr. The lengths of crystalline and porous Si are L; and
L,, respectively.

We assume that the assembly is made out of two homogeneous materials taking the form of
rods or cylinders of constant cross section, wide enough in comparison with the value of the
bulk phonon mean free path, in order that the collisions with the walls do not contribute to the
thermal conductivity.

In principle, interfacial effects between bulk and nanoporous Si are expected. A way to account
for them is to evaluate the dimensionless coefficient o [30, 31] defined by

0
a= _R,th Q)

wherein Ry is a measure of the thermal boundary resistance, k° the bulk heat conductivity and
L a reference length, say the mean length of the segments. The product Rk® = ay is the so-
called Kapitza length. Values of a<</ mean weak interfacial effects. If R»=0, one has o =0
and the interface is said to be perfect. Generally, R is non-zero and given by [31]



Rth = 4/vab + 4/vap, (6)

for diffuse phonon’s scattering, with C; and v; (i = b, p) standing for the volumetric specific
heat and phonon group velocity and indices b and p refer to the bulk and porous segments of
the device, respectively. To give an idea of the order of magnitude of the coefficient a, we have
calculated it at an intermediate temperature 7' =100 K. At this value, the specific heats of Si and
air (supposed to fill the pores) are known to be 0.6*10° J/m>K and 2.9*10°J/m’K, respectively.
The velocity of phonons at 100K in air is about 200 m/s and that of silicon is equal to 6400 m/s.

The latter result is derived from Debye’s model, k° = ngA, with k° =900 Wm'K" ! as

obtained from Fig. 1. The corresponding values in the porous segment are obtained from the
volumetric average of the silicon and air data [22]. Making use of these numerical values, it is
found that the thermal boundary resistance coefficient and the Kapitza length are given by
R=2.2*10° m?’K/W and ax ~ 2 * 107 m. The latter result is significant as it justifies that the
effect of interfacial thermal boundary resistance can be neglected for device lengths L longer
than 2 pm, which represents a reasonable value within the context of the present work.
Thermal boundary resistance may become dominant when the number of device layers is
increased as in superlattice structures. In principle, the role of a thermal boundary resistance
could be explicitly studied by introducing between the bulk and porous segments a third one
undergoing a temperature drop, in analogy with the analysis presented in Section 3.2.

Let us go on with the calculation of the heat transport in the device schematized by Fig.2. The
hot head of the device is kept at Ty = 150 K, and the cold side T;, varies from 40 to 150 K.
The heat flow in each element is governed by Fourier’s law

q = —k*7(T, ¢, Kn)(dT /dx), (7)

wherein k¢/7 is given by expression (4) in the case of the nanoporous element and by k°(T)
for the bulk segment. The hypothesis of stationarity implies that the heat flux remains uniform
throughout the sample, its expressions in the direct and reverse directions reads respectively as
[18-20]

T kéff TL k°

Qa = — fT: L, ar = — fT:EdT’ (8)
Tr k° T keff

qr = —lejsz = —fT:?dT (9)

Equalizing the second and third terms of equations (8) and (9) respectively leads to an algebraic
relation of the form f(L{/L,, Ty, T, Tr) = 0, allowing to determine the intermediate
temperature Ty in terms of L, /L, Ty and T;. After the temperature junction Ty is known, the
heat fluxes q; and g, can be calculated and finally the value of R = |qq4|/lq,| can be
determined. In Fig. 3 are plotted the values of R as a function of T}, for several values of L, /L,
and with fixed values of ¢ (= 0.1) and a,, (=150 nm).



241

22" — L4/Lp=0.1

20n .- L1/L2=0.25
[ — Ly/lp=4

18 : Ly/Lp=10

16 " Lq/Ly=25

141

120

.

‘.,

40 60 80 100 120 140

TL(K)

Fig. 3. Rectifying coefficient R as a function of T} for several values of the ratio L, /L, for the
device in Fig. 2, ¢ = 0.1, a, = 150 nm and T, = 150 K.

Several comments are in form. First, Fig. 3 shows that R > 1, for all the L, /L, ratios considered
in this work. This can be understood by recalling that the porous region is characterized by the
largest thermal resistance, so that a higher temperature (T in the direct case) at the porous side
will contribute to a larger heat flow than by prescribing a lower temperature (7, in the reverse
case).

Second, by increasing the L, /L,-ratio from 0.1, the rectifying coefficient increases gradually

. . L . .
and attains a maximum value at L—1 = 4 but afterwards, it decreases with larger L, /L, values.
2

This can be interpreted as follows. For L; > L,, the porous region of dimension L, is so tiny
that it will not contribute to the heat flux, and things happen as there were only one single
region, the direction of the heat flux is of slight influence and the rectifying coefficient tends
to unity. By increasing L,, we have again a two-phase situation; the heat flux in the direct case
becomes larger and larger, so that an increase of L, is tantamount to an increase of the rectifying
coefficient. Finally, for L, > L, we recover a quasi-one-phase situation with R decreasing once
more to unity. It is therefore not surprising to observe an extremum value of R at intermediate
values of L, and L,.

3.2 Bulk-porous-bulk and porous-bulk-porous Si configurations

We perform the same study as in the previous subsection, but with systems composed out of
three elements: porous-bulk-porous on one side (Fig. 4) and bulk-porous-bulk on the other side

(Fig. 5). Since, we already have considered the influence of the Z—l-ratio, we will select 2—1 =4,
2 2

which corresponds to the largest rectifying coefficient found in the previous subsection and
express R as a function of T; for various values of the aspect ratio L,;/L; of the external
elements.
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Fig. 4. The device is composed of three homogeneous regions of porous Si (left side), bulk Si
(middle side) and porous Si (right side). The system is subject to a temperature difference AT =
Ty (high) — T, (low) at its boundaries. Tr and T; denote temperatures at the interfaces. The
porous elements of lengths L, and L5 are characterized by the same porosity.

qaq

Ty

qr

Fig. 5. The device is composed of three regions of bulk Si (left side), porous Si (middle side)
and bulk Si (right side).

The heat fluxes for the porous-bulk-porous device are given by

T keff Tr k° T, keff

qa = _fT: L == T:Zde _fTFL L 4T ©)
T keff Tr k° T, keff

qr = _fT: oA = _fTGFEdT - _fTFL L 4 (10)
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and for the bulk-porous-bulk device,

T k°

_ Tg k° _ Terff _

==l ——fTGL—ZdT——fTFL—ldT, (11)
_ Te kO _ Tg kefTf _ Ty kO

r = — Ty Ly B _fTG Ly dT = _fTF ZdT' (12)

To determine the values of the intermediate temperatures Tr and T, for a fixed Ty and a varying
T,, we equalize on one side the second and third terms of (11) and (12) and the second and
fourth terms on the other side. After calculating the direct and reverse heat fluxes, one obtains
directly the corresponding rectifying coefficient. In the case of the porous-bulk-porous

configuration, the rectifying coefficient remains close to unity for a large range of the L—l-ratlo,
3

meaning that this kind of device is not suitable for thermal rectification. This can be understood
by noticing that in this configuration, we have two porous media with a relatively large thermal
resistance. So, the thermal properties of the bulk phase in between them will not undergo much
modifications, whether one porous phase is larger than the other or not. Therefore, this
configuration is of little interest within the perspective of heat rectifiers.

— [1/13=0.2
Ly/L3=0.5
L1/L3=2
Ly/L3=5
L1/L3=10

L1/L3=100

05 I . . . I . . . I . . . I . . . I . . . I .
40 60 80 100 120 140

- TL(K)

Fig. 6. Rectifying coefficient as a function of T; for several values of the ratio L, /L5 for the
device of Fig. 5, ati—1 =4,9=0.1,a, =150 nmand Ty = 150 K.
2

As shown in Fig. 6, the results of the bulk-porous-bulk device are more promising with
the rectifying coefficient becoming larger than one with increasing i—l-ratio. This is easily
3

explained as for L; > L3 the temperature at the bulk-porous interface (T; in the direct case) is
higher than in the case L < L3, which causes a larger direct heat flux than the reverse one. It

is interesting to observe that, depending on the value of L—l-, the rectifying coefficient is smaller
3

than one for L, /L; < 1 and larger than one for L, /L; > 1. Such a configuration presents a kind
of reversibility in that the preferred direction of the heat will flow can be controlled through the

geometrical configuration. Note finally that for the three-element system with 2—1 = 100 (recall
3

L ) L .
that L—1 = 4), the corresponding curve is akin to that of the two-element system with the same
2
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value i—l = 4. This is understandable since for i—l = 100, the system is comparable to a bulk-

2 3
porous one, with the right-side bulk element becoming negligible. It can be concluded that,

concerning thermal rectification, the performance of the three-element system is not superior
to that of the two-element. This is the motivation to discuss different systems in the next section.

4 Graded systems
4.1 Graded porosity

Instead of discontinuous configurations, we consider a sample with a gradually changing
porosity along the dimensionless x-axis (see Fig. 7), in other words ¢ = ¢(x) and thus k¢// =
k¢/J (T, x). In terms of non-dimensional quantities, Fourier’s law can be written as

ar _ ___ 494
dx  keff(Tx)’ (13)

wherein the temperature is scaled by the highest temperature Ty, the space-coordinate by the
length L of the rod, the effective thermal conductivity by the bulk conductivity k® and the heat
flux by k°Ty /L. By selecting a graded structure, one avoids of course the problems raised by
the presence of the aforementioned thermal boundary resistances.
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qr

Fig. 7. Sketch of the graded porosity distribution, with, at the left of the figure a zero porosity
increasing gradually from zero to a maximum at the right. The direct flow (q4) refers to the
hottest temperature Ty imposed on the highest porosity side and the reverse (g,-) to the same
side subject to the lowest temperature T} .

It is assumed that the porosity varies along the sample according to the two following
distributions:

@ = @ox™ (14)
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@ = @o(ax? + bx + ¢), (15)

with @q a constant and n, a, b and ¢ non-dimensional quantities. The above dependencies of ¢
with respect to x are expected to be reproducible in experiments that are actually still lacking.
In equation (14), the space-dependency is monotonic so that ¢@(x + dx) > @(x). Forn =1,
we have a linear relation of ¢(x), for n = 2, a quadratic one, etc. The coefficients a, b and ¢
in (15) will be determined in the forthcoming by imposing that the porosity takes a maximum
value at a given position in the sample. The direct and reverse heat fluxes can now be calculated
by solving (9) in both directions. We keep the hot side temperature at T;; = 150 K and the cold
side temperature at T;, = 40 K.

Fig. 8 shows the rectifying coefficient R as a function of the exponent n of equation (14). R is
increasing with n and attains a maximum value around n = 20. It should be noted

R
201

18}
16}
14}

12}

10 1 1 1 1 1 n
0 10 20 30 40 50

Fig. 8. Rectifying coefficient as a function of the porosity degree n from equation (12) with
@0 =0.1,a, = 150 nm, Ty = 150 K and T}, = 40 K.

However, such high n—values are from a technical point of view rather difficult to manage.
Therefore, for the sake of simplicity, let n be bounded to n = 4. It will be shown later that
choosing higher values of n will not influence the value R of significantly. Nonetheless, from
a theoretical point of view, it is interesting to observe that R will not grow indefinitely but is
bounded by a finite maximum value.

Going now to equation (15), we are left with the determination of the unknown quantities a, b
(1)

and c. We first impose ¢(0) =0, ¢(1) # 0 and 0 < oo < 1. Therefore, ¢ will reach a
0
maximum in the region 0.5 < x < 1. From ¢(0) = 0, follows that ¢ = 0. Requiring that ¢ is
2
maximum at X,,,, leads to a = — (x ! ) and b = " 2 In Fig. 9 is plotted the rectifying

coefficient as a function of x4

12
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Fig. 9. Rectifying coefficient as a function of the position x,,,,, corresponding to the maximum
value of the porosity given by Eq. (13) with ¢, = 0.1, a, = 150 nm, Ty = 150 K and T}, =
40 K.

The dashed line in Fig. 10 represents the value of R for n = 1 in Eq. (10). The results of Fig. 9
indicate that the parabolic dependence (13) of the porosity with respect to x does not provide
better results than the linear one.

4.2 Graded pore size

We consider the same system as in the previous subsection (illustrated by Fig. 7), but instead
of the porosity it is the pore size that is assumed to vary continuously along the system. So, we
still have k7 = k®// (T, x) in equation (13), but now ¢ = @, = constant and a,, = a,(x).
It is assumed that the pore size varies linearly between a fixed minimum pore size ap, mmin, = 10
nm at x = 1, and a variable maximum @, mqx at x = 0. The dependence of the size with x is
thus given by

ap (x) = Apmax — (ap,max - ap,min)x- (16)
The rectifying coefficient as a function of ay, ;4 18 represented in Fig.10.

R
20¢

18}

16}

14}

1.2}

1.0

e gy (M)
2000 4000 6000 8000 10000
Fig. 10. Rectifying coefficient as a function of the maximum pore size @, max, With a,(x)
given by Eq. (14) at ¢ = 0.1, a, 1 = 10 nm, Ty = 150 Kand T;, = 40 K.
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It is shown that the rectifying coefficient is of the same order of magnitude as for the two-phase
bulk/ porous medium, the best result is obtained with rather large pore sizes at x = 1, around
apmax = 5000 nm. The results of Figs. 9 and 10 suggest to combine both graded pore size and
graded porosity.

4.3 Combining graded porosity and pore size

Comparing Figs. 8 and 10 leads to the conclusion that a non-homogeneous porosity (with n =
20 in equation (12)) leads to a rectifying coefficient R around 1.8 which is approximately the
same value obtained for non-homogeneous pore sizes with @, ;4 = 5000 nm. The question
may therefore be raised whether a combination of both effects can further enhance the rectifying
coefficient. By taking n = 20 in Eq. (14) and ap, pq, = 5000 nm in Eq. (16), the rectifying
coefficient is raised up to R = 2.24, which is quite higher than for each individual case. Even
if we take a more realistic value for n, say n = 4 in equation (14), in combination with a,, 4, =
5000 nm in Eq. (14), the rectifying coefficient is found to be given by

R =2.12. (17)

Based on the different definitions used by some researchers and expressed by relations (2) and
(3), one would have obtained

R* = 0.36, (18)
R™ = 1.12. (19)

As mentioned earlier, we can see indeed that the selection of the value of n has only a slight
influence on the value of R. Summing up, we obtain the highest thermal rectifying coefficient
by combining non-homogeneous porosity and variable pore size along the device. The most
favourable configuration is the side with the highest porosity being associated with the smallest
pore size. It has been checked that if the side with the highest porosity contains the largest pores,
the rectifying coefficient falls down.

To give an idea of the order of magnitudes of the R-values recorded in previous studies, the
values R = 1.35, 1.43 and even 90 were obtained respectively in the case of materials with
asymmetric shapes [32], LaCo oxides [19] and shape memory alloys [4]. In [33], a maximum
value of R* =0.39 is found. A higher thermal rectification R* = 0.67 is obtained by
pressurizing an aluminium-stainless steel combination [34]. More recently, molecular dynamics
simulations of asymmetric graphene ribbons predict R* = 0.33 — 0.64 [35] depending on the
length of the device, and R* = 0.13 at 25 K for argon-krypton devices [36]. It appears that our
R- values are amongst the highest ones, which suggests to open the way to the building-up of a
new class of rectifiers based on nanoporous materials.

5 Conclusions

We have calculated the thermal rectifying coefficient R for several types of devices: a bulk-
porous homogeneous system, bulk-porous-bulk and porous-bulk-porous homogeneous systems
and finally graded systems, wherein the physical properties vary gradually with position along
the system. In the latter case, we have considered three different kinds of non-homogeneity:
either in the form of a graded porosity, or a graded pore size or a combination of the two. The
results are promising, as they indicate that some configurations yield high R-values of the order
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of 2, and even higher. These values are much larger than R = 1.43 obtained in an oxide thermal
rectifier [19] and comparable to R = 2.5, calculated for carbon nanocones [37].

Our analysis has shown that finally, it is the homogeneous bulk-porous system that offers the
most promising perspectives. The more sophisticated structures with three elements (bulk-
porous-bulk) are less performing. The non-homogeneous configurations analysed in this work
yield lower values of the rectifying coefficient than the homogeneous bulk-porous system,
except if both the porosity and the pore size change concomitantly along the device, with the
highest porosity and smallest pore size on the same side of the sample. The latter configuration
corresponds to the highest rectifying coefficients found in this work, namely R = 2.24and R =
2.12.

The present study confirms that heat transport through the aforementioned described structures
is of ballistic nature. Indeed, at small pore sizes, Kn becomes large and the thermal conductivity
decreases considerably. The same property holds true for an increasing porosity. At higher
porosity, the phonons in the silicon matrix will encounter more obstacles, which reduces the
efficiency of heat transfer. If, in contrast, Kn tends to zero, expression (4) reduces to k¢// =
k°(1 — ¢)3, in which case the behaviour of the thermal conductivity as a function of
temperature will be reminiscent of that in the bulk.

Of course, although the theoretical model proposed here is not supported by experimental data,
it may shed more light on the active subject of thermal rectification with the hope to inspire
further experimental investigations in the field.
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