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Introduction

Introduction

We are interested in the approximation of the Young integral

Y(t) = /Ota(s)dX(s), tel=[0,1]

General assumptions. There are «, 5 € (0, 1) such that for any compact interval
K CR,

c€C¥K), XecClK) and a+ 8> 1.

Definition

Forany 0 € [0, 1), the Hélder space C?(K) is the Banach space of continuous
functions f : K — R such that

Wl = 1flgoet+  sup @)= f@)l

< +00.
0
(z1,22)EK?, z1<T2 |{E1 - $2|
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Introduction

The Hélder conditions give the existence of (; € R such that for any sequence
(Dn)nezy = ({565 T €T, 0= < <. <O :t})
! " neZy

of partitions of the interval I for which |D,,| — 0, the Riemann-Stieltjes sum

Tn

> o) (X () — X(5))

i=1

converges to (;. Therefore, one can define the integral fot o(s)dX (s) by setting

/Otcr(s) dX(s) == G

Young - Loeve inequalities. There is a constant K4 g > 0 such that for any t; < g,

‘ /tﬂ o(s)dX (s) — o (t1) (X (t2) — X(tl))‘

< Katsllollca g en 1 X oo (e ) (2 — 1)

In particular, Y € C#(K) for any compact interval K C R.
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Approximation via Riemann sums
Forj € Z4 and k € {0,..., 27 — 1}, it is natural to approximate

k—1 5%

Y (;J) - /O o(s)dX (s) = Z/l Y o(s)dX(s)

1=0" 27
k—1
k [+1 l I 1+1
b (w) = Zoen () x (@) el

:=A ;(X) increments of order 1 of X

by

The Young-Loeve inequalities directly give

k—1
k k
¥(z)-n(z) < X|/.
=0 27
k—1
< ZCOQ—J'(OH-ﬁ) < CO2—j(a+ﬁ—1)
=0

141
27

o(s)dX(s) — o (s;1) Aj,l(X)‘
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Approximation via Riemann sums

Using linear interpolation, one gets for every j € Z, a function YjRS which
approximates Y :

YjRS(t) — (th — [th])a (Sj,[th]) Ajai (X) +Y; <[22%t]>

Proposition
There exists a constant ¢ > 0 such that for all v € [0, 5) and j € Z., one has

1Y =Y ovay < 7 7minB=meth=), (1)

Question. Is it possible to find approximation procedures for Y allowing to have better
rates of convergence than the one provided by (1) ?
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Approximation via Riemann sums

Content of the talk.

+ The wavelet approximation (and the particular case of the Haar wavelet)
+ Better rate of convergence under some Gaussian assumptions
+ Examples of processes satisfying this assumption

+ Discussion of the optimality of the improved rate of convergence
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The wavelet approximation

We assume that the collection of functions, from R to itself,
{o(-=1):1€zZyU{2/2p(2 - —k): (j,k) € Zy x Z}

satisfies one of the following two hypotheses :
(H1) This collection is the Haar basis of L2(R), i.e.

p:=1p1 and ¥ :=1j1/2) — Lu/2,1)-

(H2) This collection is an arbitrary compactly supported orthonormal wavelet basis of
L?(R) such that the scaling function ¢ and the mother wavelet ¢ are a-Hélder
continuous on R, i.e.

sup
(x1,22)ERZ, 21 <w2

{ lp(z1) — @(2)| + |P(21) — Y(22)]

|1 — wa|*

}<+oo.
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The wavelet approximation

Definition
A multiresolution analysis of L?(IR) is an increasing sequence (V;),ez of closed
subspaces of L?(R) satisfying the following properties :

* Njez V5 = {0} and U, 5 V; is dense in L*(R),

- forevery j € Z, f € V;ifandonly if f(2-) € V11,

- forevery k € Z, f € Vyifandonly if f(- — k) € Vg,

+ there exists a function ¢ € V; such that {¢(- — k) : k € Z} form an orthonormal
basis of Vj.

For every j € Z, let W, be the closed subspace of V1 suchthat V1 = V; & W;.
Then

PR =Ve | Pw,
JELy

and one can construct a function ) whose translate form an orthonormal basis of W},.
Then, the functions 27/24(27 - —k), k € Z, form an orthonormal basis of W;.
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The wavelet approximation

For any fixed t € I,
s 04(s) = a(s)1jo,4(s)

belongs to L*(R). So,

I +o00 o0
o= 3 bu®eC—D+Y Y a2/ k)
l==o0 Jj=0 k=—o0

which converges in L?(R), where

bo(t) := /o a(s)p(s—1)ds

and

a;k(t) == 2j/2/0 o(s)(27s — k) ds.
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The wavelet approximation

For any fixed t € I,
5= 0y(s) = a(s)1o,(s)

belongs to L?(R). So, if supp ¢ C [Ny, No] and supp ¢» C [Ny, Ns]

[t]—N1 oo [27t]— N,
or= > boae(- =D+ > aj)2Pp27 k)
I1=1—N> 7=0 k=1—Ny

which converges in L?(R), where

bo,(t) := /0 o(s)p(s—1)ds

and

a;k(t) == 2j/2/0 o(s)(27s — k) ds.
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The wavelet approximation

[t]—N1 oo [278] =Ny
ST bW =D+ D a2 P2 - k)
I=1—-N, §=0 k=1—N>

For any J € N, we consider the partial sum

(t]—N1 J—1 [27]—
o=y b=+ Z a; (1) 27/ 2(2 - —k)
I1=1—N» 7=0 k=1-N;

Note that supp o¢,; C [Q1, Q2), where Q1, Q2 are independentof t € I and J € Z..
Foranyt € I and all J € N, one sets

Q2
YW = / o0, (s) dX ()
[t =1 Q2
_ me/ (s — 1) dX(s)
l=1—N>

J—1 [29t]— N,

+3°> aut 23/2/ V(s — k) dX(s).

]OklNz
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The wavelet approximation

Particular case of the Haar basis
In this case,

@:=1py and =112 = La/21)
Note that one has

J—1 [27t]-1

on; = boolt 01)+Z Z aj(t 23/2( (& 2’?+1)_1[ML+1
7=0 k=0

27 ' 2i+1 2i+17 2J

(2741
J/2
2 b2 )

where
J/2 !
bya(t) =2 /0 o)1 5 11 (5) .
Consequently,
Q2 (27t]-1
V) = [ oaodX(s) = 30 b2 a0,
1 k=0

C. Esser (Université Lille 1) Wavelet series and Young integrals. Valencia, 27 — 29 October 2016

11/33



The wavelet approximation

(274~

V¥ ( Z byk(t)272A5k(X), byx(t) ¢=2J/2/0 0(5)1[

k=0

Remarks.

+ This approximation procedure can be connected to the one with Riemann sums :
Also assume that the s 7; used in the Riemann approximation are chosen so that

277 (141
o(sg) = ZJ/ o(s)ds, foreveryl e {0,...,27 —1}.
2

—JI
Then, one has Y}V (2771) = Y5 (2771).
+ The same holds for the others wavelet basis :
27¢]—N,

= Y b2’ / (275 — k) dX ()

k=1—N»

where .
byi(t) :==27/2 / o(s)p(27s — k)ds
0
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The wavelet approximation

Theorem
There is a constant ¢ > 0 such that, for all v € [0, 8) and J € N, one has

||Y _ YJVVHC’Y(I) < 027‘] min(ﬁf'y,aJrﬂfl).

Key of the proof. Foreach J € Nandt;,t; € I satisfying t; < to, we introduce

I+ Ny I+ N.
H-‘J,tl,tz = {l S {1—N2,...,2J—N1}Z |:2_Jl72_J2:| g [tl,tz]},

and

OL gty 4y = {l €{l—Ny....2” —N1}: 1 ¢ Ly,

l+N; I+ N
and |: o7 1, o7 2:| ﬂ[tl,tQ]#Q}.

Note that there is C' > 0 J, t; and t5, such that
card(Ly s, ,) < C27|ty —ta] and card(dL 4, +,) < C.
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The wavelet approximation

One has
(27t]-N1 277 (14-N>)
> bJ,l(t)zm/ ©(27s —1)dX (s)
I=1—N, 277 (1+N1)
and

byalts) — bra(ty) = 27/2 / ? o(s)p(27s — 1)d(s)

t1
Therefore, one gets

2_J(l+N2)

YW (1) - Y o / T~ 1ydX(s)

L€L 1y 1y (4N
277 (14-N>)
+ Z 2J/ Ts—1) ds/ (275 —1)dX(s)
1€OL,t1 1y 277 (1 N)

where

277 (14-Na)
Ty = 2J/ o(s)p(27s — 1) ds.
2= (14+N1)
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The wavelet approximation

Moreover, it is known that integer translates of ¢ form "a partition of unity" in the sense

that
+oo

Y pl@—1)=1, foralzeR.

l=—00

Consequently,

Vi) v = [ ot axe) = [ ot S pl’s - D) dx(s)

t1 t1

l=—00
to
:/ a(s)( Z 0(27s — 1) + Z 30(2Js—l)) dX(s)
h LEL 1y 1y 1€OL 1y ty
277 (14 N>)
_ / o(8)p(275 — 1) dX (s)
leL sy 1y 7277 (1HNY)
to
+ ) o(s)p(27s —1)dX(s).
1€0L ¢ 05 * 11
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The wavelet approximation

Next, one gets that
|V (t2) = V(1) = V)V (ta) + V)Y (11)] < AP (11, 1) + AT (11, 12),
where
277 (14+Na)
Ay = Y / (0(5) = 7) 0275 — 1) dX (s)
1€L ¢, 1y 2=J(I+N1)

and

ta
APt ta) = > o(s)p(2”s — 1) dX(s)|
1€0L 0y ,05 * 1

277 (14 N3) to
+ ‘2‘] / (275 —1)dX(s) / o(s)p(27s — 1) ds|.
2-7(14+Ny) t

C. Esser (Université Lille 1) Wavelet series and Young integrals. Valencia, 27 — 29 October 2016 16/33



The wavelet approximation

Lemma

(P1) There is a constant c; > 0 such that, for every J € N and every
l1€{l—N,,...,27 — Ni}, one has

2~ J(l+N2
‘ / o(s) — 70)p(27s — 1) dX(s)’ < ey 277(048),
2— ‘I l-‘er)

(P2) There is a constant ¢; > 0 such that, for every J € N and every
l€{l—-N,,...,27 — N;}, one has

H—Nz)
‘/ s l)dX(s)‘ <2778,
2— ‘](l+N1

(P3) There is a constant c3 > 0 such that, for every t1,t5 € I with t; < t5, every
J eNandeveryl € 0L, +,, one has

ta
‘ / o(s)p(27s — 1) dX(s)‘ < csmin (2777 |t — t2]7).
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A better rate of convergence under the Gaussian condition (G)

Better rate of convergence under the Gaussian condition (G)

The Gaussian condition (G)

« 0 € CY(K) for any compact interval K C R.

« X := {X(s)}ser is a real-valued centered Gaussian process which is 3p-Holder
continuous in quadratic mean on any compact interval K C R,

E [’X(sl) —X(S2)ﬂ <clsy — 59?0 Vsy,s0 € K
ca+ Py > 1.

» The wavelet coefficients

' 279 (k+N2) ‘
Ajg = 2772 / (295 — k) dX (s)
2_j(k+N1)

have the following "short-range dependence" property :

27 —N;
Ty { Z |COV [Aj ks Ajoka |} < 279(2Bo=1)

1-No<k; <2 —N
2=t 'l ke=1-N,
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A better rate of convergence under the Gaussian condition (G)

Remarks.

+ Using the equivalence of Gaussian moments and the Kolmogorov Hélder
continuity theorem, one can derive that the paths of X belong to the Holder
spaces CP(K), for all B € (0, 3y) and all compact intervals K.

— The stochastic process

V() = /0 o(s)dX(s)

can be defined pathwise and the previous result can be applied in this context.
In particular, the stochastic processes Y}’V converge to Y in C#(K).

+ Using the fact that a pathwise Young integral is the limit of Riemann-Stieltjes
sums, one can show that the processes {Y (t) }+c[0,1)» 1N,k }(j.k)ez, xz and
{Y ]V (t)}1e10,1) are centered Gaussian processes.

+ In the case of the Haar wavelets, the conditions of short-range dependence is a
condition on the second order increments

[29v]—1
Z {COV [A?,kl (X)aAikz (X)] | < 62*2j50
ko=0
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A better rate of convergence under the Gaussian condition (G)

This condition (G) allows to improve the convergence rate :

Theorem

Under the condition (G), for any fixed 8 € (1 — «, 8o) and non-negative real number
~ < min(f, 1/2), there is a finite random constant ¢ > 0 such that the inequality

|y — Y}/VHCV(I) < ¢ 9~ min(B—y,a+p-1/2—7)

holds almost surely, for each J € N.

Lemma

It suffices to obtain the result for v = 0, i.e. to prove that there is a finite random
constant ¢ > 0 such that the inequality

1Y - YJWHI,oo < o)

holds almost surely, for each J € N.
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A better rate of convergence under the Gaussian condition (G)

Let us recall that

[t]— J—1 [27t]—N,

Z bo(t / p(s—1)dX(s +Z Z a; k()N k

l—1N2 jok:lNg

For every j € Z., we set

so that

—+o00 —+oo
1Y =Y 100 = 1D Zillroo <> 171100

Jj=J Jj=J

In order to get a rate of convergence of Y}V to Y, one has to estimate the norm
1Z;1|1,00-
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A better rate of convergence under the Gaussian condition (G)

Note that || Z;| 7,00 = supe(o,17|Z;(t)| is the supremum of infinitely many random
variables. It is more convenient to work with a supremum of finite number of them.

Lemma

For each j € N, one sets v/(Z;) := supc o, 25} |Z;(2771)|. Then, for any fixed
B € (1 — «, ), one has almost surely

sup {27112 1,00 — 1(Z5)| } < +oc.
JEN

Idea. One has

[2jt0]_N1
Zi(to) — Z; 277 [27to])| < D Jasa(to) — ain@7[2760])| [Nkl
k=1—No ~~

<c2-(B-1/2)j
and

|aj i (to) — aje(277[27t0])| < 2772 (to — [27t0]277 ) |0l 1,00 W[l vy ) 00 < 27972
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A better rate of convergence under the Gaussian condition (G)

Notice that if one shows that
+oo
Zp(zj min(B0+8-1/2) (7. 5 1) < 400,
j=1

then the Borel-Cantelli lemma entails that almost surely,

sup {2j min(B,a+B—1/2),,(Zj)} < +oo
jEN

and the Theorem will follows.

Using the Markov inequality, one has
P(Qjmin(ﬁ,a-i-ﬂ—l/Z)V(Zj) > 1) < gimin(BatB-1/2) | (4 (7,))

forevery j € N
— one has to estimate E (v/(Z;))
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A better rate of convergence under the Gaussian condition (G)

Lemma

There exists a universal deterministic finite constant ¢ > 0, such that, for every
centered Gaussian process {g, }nen and for all N € N,

N 1
E( sup |gn|> Sc(l—i—logN)2 sup (IE (|gn|2))2.
1<n<N 1<n<N

The process Z;(t) := ZE tl] 11\\,2 a; k(t)\j i is Gaussian and centered. Consequently,
forall y € N, one has

E(v(Z)) < c(2+4)7  sup (E(lzj(le)lQ))%’

1€{0,...,27}
and the problem is now the computation of I (|Z;(2771)|?). One has

I—Ny I—N;

[|Z _Jl Z Z aj, k1 ] a’] kz( _jl)COV I:)\chl’)\jsk?] .

k1=1—Ng3 ko=1—N>
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A better rate of convergence under the Gaussian condition (G)

1—N, I—Ny

E [|Zj(2_ Z Z a;, k1 —J] )aj kz( _jl)COV [)\j,k}17)\j,k2] .

k}l—l N2 kg—l NZ

Since o is a-Hélder continuous, it is easy to see that there is a finite constant ¢ > 0
such that, forevery t € I and j € N, one has

laj (1)) <c279CF2) ] forallk € Ly,

and j
’aj,k(t)’ <272, forallk e dl;o;.

Morever, condition (G) gives that

27 — Ny
max E |Cov [Ajkers Ajka) | < 927 7(2B0—1)
1-N2<k1<2/—N;

ko=1—Ny

Therefore, computing the cardinality of L o + and OL; ¢+, one gets that

sup  sup {22jmin(ﬁo,a+ﬁ071/2)E(|Zj(2*jl)|2)} < 400.
jEN 1€{0,...,27}
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A better rate of convergence under the Gaussian condition (G)
Total. We have proved that

sup  sup {22j min(fo,at+ho—1/2) (|Zj(2’jl)|2)} < +o0.
JEN 1€{0,...,29}

Since

N
NJ=

E (Z/(Zj)) < 0(2 +j) le{gupy} (IE (|Zj(2—jl)|2)) ’

and
P(2jmin(ﬂ,a+6—1/2)y(zj) > 1) < 2jmin(,8,a+,6’—1/2) E (I/(Zj)) ,

we get that P(zj min(B,at+f=1/2)y(7.) > 1) is the general term of a convergent
series.

Consequently, the Borel-Cantelli lemma gives that almost surely,

Sup{2jmin(6,a+ﬂ—1/2)y(zj)} < 400
JEN

hence the result.
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Examples of processes satisfying the condition (G)

Examples of processes satisfying the condition (&)

We consider stationary increments real-valued centered Gaussian processes
X = {X(s)}ser having, for all (s1, s2) € R?, a covariance function of the following
general form :

Cov[X(s1),X(s2)] = E[X(s1)X(s2)]
+oo
_ /_ (1€ — 1)(e™™2€ — 1) (€) e,

where the measurable nonnegative even function f satisfies the integrability condition :

“+o0
/ min (1,52)f(§) d¢é < +o0.

— 00

Example. The fractional Brownian motion : up to a multiplicative constant,
(&) = |¢|72H L for all £ # 0, where H € (0, 1) denotes the Hurst parameter.
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Examples of processes satisfying the condition (G)

We will see how the conditions given by (G) can be transformed into conditions on the
function f.

Proposition

A sufficient condition for the process X to be (3y-Holder continuous in quadratic mean
is that there exist two positive finite deterministic constants ¢ and &g, such that

f(&) < ¢l¢]7%P~L foralmostall £ € (—o0, —&) U (&, +00).

Example. It is satisfied by the fractional Brownian motion of index H = [3;.
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Examples of processes satisfying the condition (G)

Proposition

The condition of "short-range dependence" holds as soon as f is twice continuously
differentiable on R \ {0} and satisfies the following condition :

(D7) Inthe case of the Haar basis : there exist two finite deterministic constants
B4 € [Bo, 1) and ¢ > 0 such that, foralln € {0,1,2} and £ € R\ {0}, one has

[£™(©)] < emax (Jg[~%on1, ¢ =21

(D) If the wavelet 1) is continuously differentiable on the real line and has at least M
vanishing moments, that is

+o00
/ s™(s)ds =0, forallm e {0,...,M —1}:
—00
There exist two finite deterministic constants 3, € [3o, 1) and ¢ > 0 such that, for
alln € {0,1,2} and £ € R\ {0}, one has

|£0(€)] < cmax (Jg| =21, ¢ 721

v
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Examples of processes satisfying the condition (G)

Example. Clearly, (D;) and (Dyy), for any M > 1, hold when f(&) = |£|72H 1 the
two constants /3y and /3, being arbitrary and such that 0 < 8y < H < ) < 1.

Remarks.
* (D) is weaker than (Dyy), for any M’ < M.

+ A major motivation for weakening the condition (D;) to the condition (D) is the
following : the behavior of the function f at low frequencies can then be much
more singular, namely f can have infinitely many oscillations in the vicinity of 0.
For instance, let fuw,w be the function defined, for all ¢ € R\ {0}, as

fNu,u,w(f) = |£|72u71 + |£|72v71 sin2 (|€|7w) ’

where the three parameters u, v and w are arbitrary real numbers such that

0 <u<wv<1andw > 0. Observe that the larger is w the more oscillating is
fu,v,w in the neighborhood of 0. This function fails to satisfy (D;) but for any
integer M > 1 + w, it satisfies (D) with Sy = w and 3} = v.
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Optimality of the improved rate of convergence

One denotes by @ and /3 the two critical exponents defined as

a:=sup{a€c(0,1):0eC*(I)}andB:=sup{B€0,1): X € C°(I)}.

Proposition

Assume that @ > 1/2, 3 < 1, that the condition (G) is satisfied for all 3, € (1 — @, 3),
and that the cleterministic integrand o vanishes nowhere on I. Then, for each fixed
~ € [0,min(8, 1/2)) and arbitrarily small ¢ > 0, one has, almost surely,

1Y — YV ||y < 2776,

sup {ZJ(E_V_S)HY — Y}/VHCw(I)} < 400
JeN
and

it {QJ(B—’Y+€)||Y _ Y}/VHCV(I)} = 100.
JeN
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Optimality of the improved rate of convergence

Example. Assume that the integrator X is a fBm of an arbitrary Hurst parameter
H € (0,1) and that the deterministic integrand o is the positive (vanishing nowhere)
Weierstrass type function defined as

+o00o
o(s) =09+ Z b~ " sin(b"s) Vs € R,

n=1

where a, b and o are parameters such thata € (0,1),b > 1 and oo(b* — 1) > 1.

Then, almost surely, _
a=a and [=H.

As soonasa > 1/2and a > 1 — H, for each fixed v € [0, min(H, 1/2)), one has

1Y =YV oy < 27 7H=Y)
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