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Pascal triangle and Sierpinski gasket Counting positive binomial coefficients

Sierpinski gasket

A b &

Pascal triangle For each n € Ny, we let s9(n) denote the number

of positive binomial coefficients on the nth row
of the generalized Pascal triangle Py. We also

Classical binomial coeflicient of integers

(7]?) m,k €N

7 —1 —1
Pascal’s rule: (7/?) = (n]{}_l) + (mk ) set s9(0) := 1. The first few terms of so are
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g i g ;) ? 8 8 8 8 Ei"“?“z The sequence (s9(n))yen between 0 and a power of 2
;l i ;J‘ 160 140 é ? 8 8 5;?‘"“ Definition: Let s = (s(n)),en be a sequence of integers and let k& > 2. The k-kernel of s is the set of
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701 7 21 35 35 21 7 1 ~ Ki(s) = sk -n+7))pen |72 0and 0 <7 <&}

A sequence s is k-automatic if its k-kernel is finite. A sequence s is k-regular if there exist a finite number of

Link between these objects? . . T
sequences (t1(n))peN, - - - » (tg(n)),en such that each sequence (¢(n)),,en € Ki(s) is a Z-linear combination

For each n € N, consider the intersection of the lattice N* with the region |0, 2"] x [0, 2"|: of the ¢;’s. A sequence s is k-synchronized if the langnage {repy(n, s(n)) | n € N} is accepted by some
0 1 - o —1 o finite automaton.
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o) 0 (0 Remark [2]: k-automatic C k-synchronized C k-regular.
I e . o o o Proposition [4]: The sequence sy is 2-regular but not 2-synchronized.
1 1 1 Color the unit square associated with the binomial
(0) (1) (2n—1) COGfﬁCieﬂt (7]?)
° ° ) ° ) . ) . m\ . .
in white if (') = 0 mod 2 Extension to other numeration systems
in black it (TIZ) = 1 mod 2.
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@) (Y (22 Instead of considering the language Lo, we restrict ourselves i 110 0 0 0 0 0 |9
i to words that contain no factor of the form 11. We are thus ojr1r 1.0 o0 0 0 03
2 e t Ao * loft with the | 0/1 12 1 0 0 0 0 |4
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[f we normalize this region by a homothety of ratio 1/2", we get a sequence of compacts in [0, 1] x [0, 1]. Lp=¢U1{0,01} 00111 2 2 1 2 0 1 0 |6
1010/1 2 3 1 1 0 0 1 |6
which is the language of the Zeckendorft numeration sys-
tem based on the Fibonacci numbers defined by F'(0) = 1,
F(l)=2and Fin+2)=F(n+1)+ F(n) for all n € N. i
We define a new generalized Pascal triangle Pz using those :
The elements of the latter sequence corresponding to n € {0, . . words. . W
, . L For each n € N, we let s p(n) denote the number of positive
Due to a folklore fact, this sequence converges, for the Hausdorfl distance, to the Sierpinski gasket when n : : : : -
ot binomial coefficients on the (n+ 1)th row of the generalized x|
tends to Infinity. Pascal triangle P . The first few terms of sp are |
0L

1,2.3.4.4,5.6,6,6,8,9.8,8.7,10, 12,
12,12,10,12,12. 8,12, 15,16, 16, 15, . . . .

Binomaial coefhficients of words

The sequence (sp(n))pen between 0 and a Fibonacci number
The binomial coeflicient (g) of two finite words uw and v is the number of times v occurs as a subsequence
of u (meaning as a “scattered” subword). For example, if u = 101001 and v = 101, then (g) = 6 since all
the occurrences of v inside of u are

101001, 101001, 101001, 101001, 101001, 101001.

Extension of k-regularity [1, 7]: Let s = (s(n)),en be a sequence of integers and let k& > 2. The
k-kernel KCp.(s) of s can be obtained under the following process. First, fix a word w € {0,1,..., k — 1}*
and select all the nonnegative integers whose base-k expansions with leading 0’s end with this word w.

Then, evaluate s at those integers to create a specific subsequence of the k-kernel. Let w vary in w €

{0,1,...,k — 1}* to obtain the entire k-kernel.
This concept is a natural generalization of the binomial coeflicients of integers. For an alphabet containing

only one letter a, we have . The F-kernel KCp(s) of s can be obtained under the same technique. First, fix a word w € {0, 1}* and select
(a k) — <m> Vm,k € N. all the nonnegative integers whose Fibonacci representations with leading 0’s end with this word w. Then,
a k evaluate s at those integers to create a specific subsequence of the F-kernel. Let w vary in w € {0,1}* to
obtain the entire F'-kernel. o
Moreover, due to the following result, we have the analogue of the Pascal’s rule for binomial coefficients of n | repy(n) | s(n) - rep(n) | s(n)
words. 0] e [s(0) 0 £ s(0)
Lemma (Chapter 6, [6]): Let X be a finite alphabet. For all words u,v € ¥* and all letters a,b € ¥, ; 110 ‘zgg ; 110 ‘zgg
we have 31 11 | s(3) 31 100 | s(3)
uaQ 41 100 | s(4) 41 101 | s(4)
b 50 101 | s(5) 51 1000 | s(5)

A sequence s is F-
(tg(n)),en such that each sequence

Definition: A sequence s = (s(n)),eN 18 F-automatic if its F-kernel is finite.
regular if there exist a finite number of sequences (£1(n))peNs - - - 5
(t(n))nen € Kp(s) is a Z-linear combination of the ¢;’s.

Generalized Pascal triangles

. . . Proposition [4|: Th is F-regular.
To define a new triangular array, we consider all the words over a finite alphabet {ay, ..., ay} and we order roposition [4] © SEQUENCe spr 15 FAcetal

them by genealogical ordering (i.e. first by length, then by the classical lexicographic ordering for words of
the same length, assuming a1 < ag < --- < ay).

Asymptotic behavior of the summatory function of (s2(n))nen,
If we take the case of a 2-letter alphabet {0,1}, we consider the language of the base-2 expansions of

integers, assuming without loss of generality that non-empty words start with 1:

Definition: For each n € Ny, we define A(n) = > 1 so(n) and we set A(0) :=

0. The sequence

Lo = repy(N) = {e} U 1{0, 1}". (A(n))nen, is the summatory function of the sequence (s9(n)),en,. The first few terms of (A(n))cn, are
The first few values of the generalized Pascal triangle P9 are given in the following table. 1,3,6,9,13,18,23,27,32,39,47, 54,61, 69, 76, 81, 87,96, 107, 117, . . ..
e 1 10 11 100 101 110 111 Theorem [5]: There exists a continuous function ® over [0, 1) such that ¢(0) = 1, lim,_,;- P(a) = 1
100 0 0 0 0 0]1 -
1100 0 o o ol If we consider the words of Ly that and the sequence (A(n)),en, satisfies, for all n > 1,
0/1 11 0 0 0 0 03 1 ; _ 1 1
1112 0 1 0 0 0 0|3 only contain 1's, we Obtam. the el.e A(n) = 3loz:(n) D(relpy(n)) = N0 D(relpa(n)).
wol1 12 0 1 0o o o |4 ments of the usual Pascal triangle (in
101({1 2 1 1 0 1 0 0|5 bold).
1101 2 2 1 0 0 1 0|5
1111 3 0 3 0 0 0 1 |4

Using the same construction as before (namely coloring in black and white a grid containing binomial
coefficients of words and then normalizing each region by a homothety), we get a sequence of compacts in

0,1] % [0,1].

The function ® in [0, 1)
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It is straightforward to adapt our reasonings, constructions and results to a more general setting, namely
we fix a prime number p and a rest » € {1,...,p — 1} and we color the squares in the grid in black if the
corresponding binomial coefficient is congruent to r modulo p or white otherwise.

School of Combinatorics, Automata and
Number Theory (CANT 2016)

December 2, 2016

nis

LA LIBERTE DE CHERCHER

Université
de Liége

Marseille, November 28 —




