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Introduction

« Computational homogenization scheme for micro-structured materials

— Two boundary value problems (BVP) are concurrently solved
* Macroscale BVP
* Microscale BVP
— Representative Volume Elements (RVE) extracted from material microstructure
— An appropriate boundary condition
— Constitutive laws (a priori known or can be another lower-scale BVP)

— Separation of length scales: Lmacro > LRVE > Lmicro
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Introduction

« Computational homogenization scheme for micro-structured materials
— Multiphysics problems can be considered

« Mechanical (Michel et al. 1999, Feyel & Chaboche 2000, ...)
 Thermal (Ozdemir et al. 2008, Monteiro et al. 2008, ...)
« Thermo-mechanical (Ozdemir et al. 2008, Temizer et al. 2011, ...)

» Electro-mechanical (Schroder & Keip 2012, Keip et al. 2014, ...)

« Magneto-mechanical (Javili et al. 2013, ...)

» Electro-magneto-mechanical (Schroder et al. 2015, ...)

« Etc.
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Introduction

« Computational homogenization scheme for micro-structured materials

— Macroscale BVP

« Formulation depending on homogenization scheme (e.g. first-order, second-order - classical
Cauchy, Mindlin strain gradient)

— Microscale BVP
« Classical continuum mechanics for the mechanical part
« Conventional steady balance laws for other physical phenomena (thermal, electrical, magnetic)
» Fully-coupled constitutive laws are a priori known
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Introduction

« Computational homogenization scheme for micro-structured materials

— Macro-micro transition

« The deformed state of the microscopic BVP is conducted by macroscopic kinematic variables
« Macro-micro kinematic equivalence is assumed through volumetric integrals over the RVE

« The microscopic boundary condition is given so that macro-micro transition is a priori satisfied
(LDBC, PBC, MKBC, Mixed BC, etc.)

Stresses &
tangent
operator
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Introduction

« Computational homogenization scheme for micro-structured materials

— Macro-micro transition
« The deformed state of the microscopic BVP is conducted by macroscopic kinematic variables
« Macro-micro kinematic equivalence is assumed through volumetric integrals over the RVE

« The microscopic boundary condition is given so that macro-micro transition is a priori satisfied
(LDBC, PBC, MKBC, Mixed BC, etc.)

— Micro-macro transition
« Macroscopic stress quantities and their tangent operators are upscaled based on generalized

energy equivalence statements (Hill-Mandel principle)

- An efficient method to compute tangent operators is necessary

-First PK stress
-Thermal flux

-Heat capacity
-Electric displacement
-etc.

Stresses &
tangent
- operator

-related tangent operators
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Microscale BVP in multiphysics

Strong form

Mechanical field P, - Vo = 0 on V)

Extra-fields Vo -Th =0onVofork=1,..,N

Fully-coupled constitutive law

with £ =1, ...
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Microscale BVP in multiphysics

e Strong form
— Mechanical field P,, - Vog=0 on Vj

~ Extra-fields Vo -Th =0onVofork=1,..,N

— Fully-coupled constitutive law

{Pm =P (Fun, 00, @iy .00 00 Z)

Th = T8 (B, 0L, 0,08, N z) VIR =1 N

* Generalized representation
— Field

T
X = {x'f; oL . aﬂ
— Field gradients
T
Fo = [F}; o a,ogw Fm =X @V
— Stresses

P = [an T . Tﬁr
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Microscale BVP in multiphysics

Generalized representation
— Strong form P. -Vo=0onV,

— Fully-coupled constitutive law ~ P,,, = Pm (XWC@, Fom; Z)

. xﬁ consists of all field components appearing in the constitutive relations
« Microscopic tangent operators

P, _ 0Pwm
Cm = 5F I = 0X<,
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Microscale BVP in multiphysics

« (Generalized representation
— Strong form P. -Vo=0onV,

— Fully-coupled constitutive law ~ P,,, = Pm (Xf,b, Fom; Z)

. X% consists of all field components appearing in the constitutive relations

« Microscopic tangent operators

cp=Pm g T
OF 1 0X€
« Two-scale procedure
Stresses & Macroscale Strains

tangent operatq

___ Solve ’ ) \
: ‘microscale BVP - :
(|-3|'T|n|$|ra“dze|d : C\7 Microscopic
| _d_;_m e gL boundary
condition conditions
CM3 September 2016 EMMC15
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Microscale BVP in multiphysics

* Microscopic boundary condition

— For an arbitrary field k
= & + WS on Vy

CTR

First-order: @m = XM + ]:M - X

Homogenous part Fluctuation part

— Kinematical equivalence 1 FrAv = Fh, + — VOWT"; dV
V Vo VO

S WEN,.dS =0
aVy
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Microscale BVP in multiphysics

Microscopic boundary condition

— For an arbitrary field k
= & + WS on Vy

CTR

First-order: @F, = X%, + Fh, - X

Homogenous part Fluctuation part

— Kinematical equivalence 1 Fhoav = Fh + — Von;I,, dV
V VD VO

> WEN,,dS =0
A
Satisfied a priori by choosing the boundary condition

~ LDBC Wk —g
- PBC W (X)) =WE (X)) V(X;,X;) € pair of facets (Si,SHS)

— Interpolation-based PBC (IPBC) {Wf;f (X,) =8"(X,,) VX;}, € 5*1°
WE(XZ) =S (X)) VX, € 5.

— Etc.
n+1

S' = Z Nj. (X,») aj (no sum on %)

September 2016 EMMC15 13 um;uﬂ
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Microscale BVP in multiphysics

Microscopic boundary condition
— Field equivalence of field k

1

— [ Wk av =wh, if XF in X<
VO VO

« E.g. temperature field with the capacity equivalence

k

wh, = ChA
Wy = Oﬁé‘(ﬁ

1
v =— | CFav
M VO v
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Microscale BVP in multiphysics

Micro-macro transition
— Based on the generalized Hill-Mandel principle
— Homogenized stresses

1
Py = VO VO'F’de

— Quantities other than homogenized stresses (thermo-elastic heating, damage ...)
Zy = L Z.,dV
VO VO

— Homogenized tangent operators

_ OPu Tor = OPr

Ev = 5F, "X,
o aZM . 82"]\/1’
y-'FM — ﬂ yXM’ o 8X%

—> This work provides an efficient method to compute these tangent operators
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General method to compute tangent operators

« Homogenized tangent operator is estimated at the converged solution
— Homogenized stresses [’PM

1 P
ZM] B 7026:/06 [Zm] v

— Homogenized tangent operators

s e OUly.
_12/ [EmB JmN]dV[]vO

[LM JM] _ [SEE

y-’"'_M yng giﬁ - 70 y}'mBe yxglNe OIC v
f'M - . . . . .
Ky = x¢ macroscopic kinematic variable applied to the microscale BVP
M

U]y, microscopic unknowns of element e
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General method to compute tangent operators

« Homogenized tangent operator is estimated at the converged solution
— Homogenized stresses [’PM

1 P
ZM] B 7026:/06 [Zm] v

— Homogenized tangent operators

s e OUly.
_12/ [EmB JmN]dV[]vO

[LM JM] _ [SEE

y-’"'_M yng giﬁ - 70 y}'mBe yxglNe OIC v
f'M - . . . . .
Ky = x¢ macroscopic kinematic variable applied to the microscale BVP
M

U]y, microscopic unknowns of element e

— After assembling

[ﬁM j;w]:D(‘?bl —
y-FM y.’(% O v

U microscopic unknowns

« Matrix D can be easily estimated

- |:> Need to estimate:
oUu

1 L,.B° J,,N°
D — p— / [ e " e] dV) ’
Vg/e\vo (Vo Ve Y7,B" YxcN OIC s
CM3 September 2016 EMMC15 17



Finite element resolution of microscale BVP

* Microscopic boundary condition in FE discretization
CU—-SKy=0

Fum L o . .
Ky = C macroscopic kinematic variable applied to the microscale BVP
M

U microscopic unknowns

— Constraint matrices (C and S) depend on the BC type (LDBC, PBC, IPBC, MKBC, etc.)

CMS3 September 2016 EMMC15 18 U



Finite element resolution of microscale BVP

* Microscopic boundary condition in FE discretization
CU—-SKy=0

.'F'
Ky = [ é‘?’] macroscopic kinematic variable applied to the microscale BVP
M

U microscopic unknowns

— Constraint matrices (C and S) depend on the BC type (LDBC, PBC, IPBC, MKBC, etc.)

*  Microscopic equilibrium equations with Lagrange multipliers

f,, U) —C'A=0
CU —SKy =0

— Multiplier elimination r=f, - C'A=Q'f,=0
e = CU — S]CM =0

« Considering 34 as unknowns only

 Need to estimate

for tangent estimation
M

CMS3 September 2016 EMMC15 19 e U]



Finite element resolution of microscale BVP

* Microscopic equilibrium equations with Lagrange multipliers

r=£f,—-C'A=Q'f,.=0
I'C:CU—S]CMf:O

— Linearized system

r+QTKAU =0 :> Q'KQAU + 1~V (r. — SiKy) =0
r-+ CAU — SoICy; =0 CAU+r.—SoICy =0

V = QKR

— U can be obtained by considering §1C; =0
Iterative loop

AU =-K 't i . .
U =U+ AU K=CC+Q KQ, (Ainsworth 2001)
f=r+(C"-V)r.
until H r H < € ( )
| £ |l
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Finite element resolution of microscale BVP

* Microscopic equilibrium equations with Lagrange multipliers
r=£f,—-C'A=Q'f,.=0
I'CZCU—S’CMF =0

— Linearized system

r+ QTKAU =0 j‘> Q'KQAU +r -V (r. —S6Ky) =0
r. + CAU — S6ICy; =0 CAU +1.—SK; =0
_ T
oUu V =Q'KR

" ok can be obtained by considering the linearized system at the converged solution
M

T _ N —1
QTKQOU + VSiKCy = 0 :> Y (k)Y
COU — SoK ;=0 IIC s

« Multiple right hand side system Y = (CT — V) S
* Obtained by using the microscopic stiffness matrix K=c'c + QTKQ

CMS3 September 2016 EMMC15 21



Finite element resolution of microscale BVP

* Microscopic equilibrium equations with Lagrange multipliers
r=f,-C'A=Q'f,=0
r- = CL{ — S’CM =0

— Linearized system

r+QTKAU =0 :> Q'KQAU + 1~V (r. — SiKy) =0
r. + CAU — SoICyy =0 CAU +r1r.—SKy, =0
_ T
oUu V=Q KR

" ok can be obtained by considering the linearized system at the converged solution
M

T _ -\ —1
Q' KQU + VS = 0 j‘> ou (K) v
CoU — SK s = 0 K p

« Multiple right hand side system Y = (CT — V) S
« Obtained by using the microscopic stiffness matrix K = cic+ QTKQ

If the direct solver (e.g. LU) is used to solve the microscale BVP, matrix K is
already factorized. This multiple RHS system then reconsiders this factorized
matrix - computational time is largely reduced
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Finite element resolution of microscale BVP

* Microscopic boundary condition in FE discretization

U

CU —-SKy =0

microscopic unknowns

] macroscopic kinematic variable applied to the microscale BVP

— Constraint matrices (C and S) depend on the BC type (LDBC, PBC, IPBC, MKBC, etc.)

«  Microscopic equilibrium equations with constraint elimination method

— Total unknowns is decomposed into
Internal part U;
Dependent part U4
Independent part - U ¢
Direct constraint part ..

— True unknowns U = [UT UL

-‘T

:TZ?(+§ICM

{

C,U,; + Cfo + CU. =S IChs

U. = SKCxs D

{Ud = Cayl s+ Sar s

U. =S

T — Onani

I,

Oanni

OniX'nf

Cdf
L.,

_Onc XN, OnCan_

U

0., x3+N)

Se

U
U=y

_uc
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Finite element resolution of microscale BVP

We can have a similar result with the constraint elimination method

Tf, =0
U=TU + SICy,

97C can be obtained by considering the linearized system at the converged solution
M

TITKSU =0

U = TOU + SOKC s

o7 oUu ~ ~
:> Kol — — 76Ky |:> MU _ g i
OIC s Z

« Multiple right hand side system Z —= TTKS
« Obtained by using the microscopic stiffness matrix K —= T KT
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Finite element resolution of microscale BVP

« We can have a similar result with the constraint elimination method
T, =0
U=TU + SICy,

97C can be obtained by considering the linearized system at the converged solution
M

TITKSU =0

U = TOU + SOKC s

o7 oUu ~ ~
:> Kol — — 76Ky |:> MU _ g i
OIC s Z

Multiple right hand side system Z —= TTKS
Obtained by using the microscopic stiffness matrix K = T KT

If the direct solver (e.g. LU) is used to solve the microscale BVP, matrix K is
already factorized. This multiple RHS system then reconsiders this factorized
matrix - computational time is largely reduced
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Numerical examples

« Computation efficiency
— Linear elastic material
— A unit cell consisting of a spherical void of radius 0.2L¢¢
— RVE dimensions ranging from Lyef X Lyef X Lo 10 4Lyef X 4 L1 X Lot

4
10 |
S/ @
©10° |
= £
c
Lref k) . L
IS 10 ¢ R
5 PR
Q oy _
g ~&— CONDEN [Miehe & Koch 2002 |
‘\‘ O 10% ~* MULT-ELIM
_ 5 DISP-ELIM
1 2 3 4
Lot X Number of unit cells
Lref
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Numerical examples

Fully-coupled thermo-elastoplastic problem

Full problem

P-Vy+By=0
CT—74+q-Vo—D=0
P=P(F.T,H;Z)
q=q(F,T,H;Z)

Two-scale problem

Purr-Vo+Boy =0
CyvTve —7m — Dy +qunr - Vo =0

Macro-BVP

’bef ZMr
OP amr 0P nm
C J = N r =
M ?}? M T u 9Ty For, Tar, Hay
y.'}'-Mr - aFﬂJ!yﬂ,’gf -
~{Micro-BVP
Fu = [F}:f HM']T P, -Vy=0
Py = [P;{f (LM]T dm - Vo =0

]T Pm - Pm (Fmazna Hm; Zm:

Zy =Bl Cu 7y D
M [ 0M M Tﬂf M qm - qﬂl (F’I’Tb'} T’-‘Tl'} Hm, Zm)
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Numerical examples

* Fully-coupled thermo-elastoplastic problem
— Geometry

Uniform distributed load gy = —10t (N/m?)
Uniform temperature T' = T + 23t (K)

l

Symmetry__*_ /
plane /\ 30 mm 7
- VAR \ -
Y 600 mm  \
X Uniform temperature 7' = 1j

A
16 J L . 137pm

— Fully-coupled thermo-elastoplastic law

Constant Notation (unit) Matrix  Fiber

Bulk modulus K (GPa) 73.53 213.89

Shear modulus u (GPa) 28.19 160.42

Initial yield stress 40 (MPa) 300

Hardening modulus Hy (MPa) 150 (Ozdemir et al. 2008)
Thermal expansion coefficient —« (1076K—1) 23.6 5

Thermal conductivity k (Wm—1K™1) 247 38

Specific heat capacity C (106 Jm—2K~1) 243 3.38

« Thermal softening (wr = 0.002K 1)
7y (7, Tm) = (Tyo + Hoy) [1 — wr (Trm — To)]

« Mechanical heating characterized by the Taylor-Quinney factor 8 = 0.9

CM3 September 2016 EMMC15 28 e U]
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Numerical examples

* Fully-coupled thermo-elastoplastic problem

5,
—~ = X
§ %%%EO O o o ¥ g =
gy 8 °o%
S5
53 ®
g B
®
®2g
S m
5, O PBC
-g X Coons-Lagrange (Nguyen et al. 2012)
T O Coons-Cubic Spline (Nguyen et al. 2012)
0 5 10 15 20

CM3

-Vertical displacement (mm)

Equivalent plastic strain
o] 00275 0.055 |zX 510.6

0

Temperature (K)

uivalent plastic strain
0 0
 re——

5126 | X

| 2X

3157

Temperature (K)
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Conclusions

An arbitrary kind of microscopic boundary condition can be applied in multi-scale
computational homogenization analyses

The macroscopic tangent operators can be directly estimated without any
significant computational cost

The capability of the proposed procedure is demonstrated in the microscopic
analyses as well as in a fully-coupled thermo-mechanical two-scale problem
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Thank you for your attention !
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